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Abstract. Given two infinite cardinals κ and λ, we introduce and
study the notion of a κ-barely independent family over λ. We provide
some conditions under which these types of families exist. In particu-
lar, we relate the existence of large κ-barely independent families with
the generalized reaping numbers r(κ, λ) and use these relations to give
conditions under which every uniform ultrafilter over a given cardinal
λ is both Tukey top and has maximal character. Finally, we show that
p > ω1 implies the non-existence of barely independent families over ω1.

1. Introduction

12 Given an ultrafilter U , a base for U is a family B ⊆ U which generates
U . That is, every element of U contains an element of B. The character of
an ultrafilter, written as χ(U), is the minimal cardinality of one of its bases.
If U is an ultrafilter over some set X, we say that it is uniform, provided
that each of its elements has size |X|. It is easy to see that each uniform
ultrafilter over a regular cardinal κ has character at least κ+ and at most 2κ.
For the case of ω it is known that the existence of an ultrafilter of character
strictly smaller than c is independent from ZFC. Surprisingly, for ω1 this
question is still “very” open.

Problem 1.1 (Kunen). Is it consistent that there is an ultrafilter over ω1

whose character is smaller than 2ω1?

Let D and E be two directed sets. D is said to be Tukey below E,
written as D ⩽T E, provided that there is a function f : D −→ E mapping
unbounded sets of D to unbounded sets of E. If both D ⩽T E and E ⩽T D
occur, we say that D is Tukey equivalent to E and write is as D ≡T E. As
proved by Tukey in [24] when he first introduced this concept, D ≡T E is
equivalent to the existence of a directed set in which both D and E embed
as cofinal subsets.

For more than 80 years, Tukey theory has been an active area of research,
particularly among set theorists and topologists. A lot of effort has been
put into developing classification theories for classes of structures in terms of
the Tukey order. For example, in [24] it was already shown that the partial
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orders 1, ω, ω1, ω × ω1 and [ω1]
<ω are non Tukey equivalent when equipped

with their natural orderings. In the celebrated [21], Todorčević proved that
under PFA, any other partial order of size ℵ1 is Tukey equivalent to one
of the five previously mentioned orders. This result is known to be false
under several distinct assumptions (see [16], [17] and [22]). In [16], Isbell
constructed a Tukey top ultrafilter over each cardinal κ, that is an ultrafilter
which is maximal among all directed sets of size 2κ when ordered by reverse
inclusion. Equivalently, an ultrafilter which is Tukey equivalent to [2κ]<ω.
In that same paper, he asked:

Problem 1.2 (Isbell, Problem 2, [16]). How many non-equivalent ultrafil-
ters exist on a set of power ℵ0?

Several contributions have been made to this question from which we
highlight [9] and [8]. Recently in [6], Cancino and Zapletal finally settled
Isbell problem by constructing a model of ZFC in which every non-principal
ultrafilter over ω is Tukey top. Now, the next natural step is to settle what
we call here “the generalized Isbell problem”:

Problem 1.3. Let κ be a cardinal. How many non-equivalent ultrafilters
exist on a set of power κ?

In [1], Benhamou and Dobrinen considered this question for the case
where κ is a measurable cardinal. Recently, Benhamou, Moore and Serafin
[2] have settled the question for κ = ω1 (among other regular cardinals) by
showing its independence from ZFC.

Given a set X, an independent family over X is a family I of subsets
of X so that |

⋂
A\

⋃
B| = |X| whenever A,B ⊆ I are disjoint and finite.

Independent families first appeared in the work of Hausdorff [14]. Since
then, they have become central objects in Set theory and Topology. For
example, regarding the theory of ultrafilters, Hajnal and Juhász used the
existence of an independent family of size 2κ over κ (here, κ is an infinite
cardinal) to prove that there are 22

κ
many ultrafilters over κ of character 2κ.

Actually, the same kind of ultrafilters were shown to be Tukey top by Isbell
in [16]. Given a set X and A ⊆ X, let A0 = A and A1 = X\A. The results
discussed above come from the fact that if I is an independent family over
κ and f : I −→ 2 is an arbitrary function, there is at least one ultrafilter U
over κ extending both the family

If := {Af(A) : A ∈ I}
and the family

cofω(I) := {κ\(
⋂
A∈A

Af(A)) : A ∈ [I]ω}.
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It is easy to see that the character of any such ultrafilter is at least |I|
and furthermore, it is Tukey above [ |I| ]<ω.3 In particular, if the size of I
is 2κ, then such an ultrafilter is Tukey top. The converse is also true. That
is, if an ultrafilter over κ is Tukey above a cardinal [λ]<ω, then there is an

independent family I over κ of size λ and f : I −→ 2 so that If∪cofω(I) ⊆ U .
Indeed, if U is any such ultrafilter, then there is a family J = {Jα : α ∈
λ} ⊆ U of size λ so that

⋂
A ̸∈ U for any countable A ⊆ J . Let X ∈ U be

such that κ\X has size κ and fix I ′ = {Iα : α ∈ λ} an independent family
over κ\X of size λ. It easily follows that I = {I ′α ∪ (Jα ∩ X) : α ∈ λ}
together with the constant function 0 witness our claim.

The main problem guiding this research is to study under which condi-
tions, for a given κ and λ, there exists a single independent family I of size
λ witnessing that every uniform ultrafilter over κ is Tukey above [λ]<ω. In
the process of answering this question, we arrive to the concept of barely
independent families and the more general notion of κ-barely independent
families (see Definition 3.1). It turns out that this kind of families may only
exist on uncountable cardinals (see Proposition 3.4). Hence, this topic also
fits into the increasing line of research of “higher independent families” in
the uncountable setting such as σ-independent families, (θ, τ)-independent
families, strongly independent families, C-independent families, etc., which
can be found in papers such as [18], [12], [11], [15] and [10]. The main differ-
ence between those concepts and this new one, is that while they all require
large boolean combinations to be always large in some sense, we require
large boolean combinations to be always small.

In this paper we will focus in analyzing the existence and non-existence
of (κ-)barely independent families under several assumptions. The main
contributions are the following:

• In Theorem 3.7 we show that if 2κ = κ+, then there is a κ+-barely
independent family over κ+ of size κ+.

• We study the relation between the cardinals r(κ, λ) as defined in
[3] and κ-barely independent families. Namely, in Theorem 4.3 we
prove that if there is a κ-barely independent family over µ of size λ,
then r(κ, λ) ⩾ cof(µ). Conversely, in Theorem 4.2 we show that if
r(κ, λ) = 2κ and λ<κ ⩽ cof(2κ), then there is a κ barely independent
family over 2κ (also over cof(2κ)) of size λ.

• In Theorem 4.9, we show that there are no barely independent fam-
ilies over any uncountable cardinal smaller than p.

• Lastly, we will use the concept of barely independent families, not
only to show that for any regular cardinal κ there is a cardinal pre-
serving forcing extension of the universe in which every uniform ul-
trafilter over κ is Tukey top (something which is also proved [2]

3It is easy to prove that if an ultrafilter U is Tukey above [λ]<ω, then it has character at
least λ. This comes from the fact that [λ]<ω ⩽T U if and only if there is a family of size
λ in U all of whose infinite intersections lie outside U .
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(Theorem 4.8)), but for uncountable cardinals between ω and c we
will be able to axiomatize this result in terms of cardinal arithmetic
and cardinal invariants of the continuum. Specifically, we provide
the following contribution to both the Kunen problem and the gen-
eralized Isbell problem:

If 2cof(c) = c = r(ω, cof(c)), then every uniform ultrafilter over
cof(c) is Tukey top.

It is important to remark that this equality holds in any generic
extension obtained after adding c-many Cohen reals.

The structure of the paper is as follows: In Section 2 we briefly recall some
important notation. In Section 3 we introduce κ-barely independent families
and prove some first results. In Section 4 we relate κ-barely independent
families with the cardinals r(κ, λ) and show that barely independent families
over κ exist after adding κ many Cohen reals. As a corollary of this, we will
also be able to show that consistently there are barely independent families
over ω1, but not over c. Finally, in Section 5, we pose some open problems.

2. Notation

The notation and terminology used here is mostly standard and it follows
[7]. Given a set X and a (possibly finite) cardinal κ, [X]κ denotes the
family of all subsets of X of cardinality κ. The sets [X]<κ and [X]⩽κ have
the expected meanings. P(X) denotes the power set of X. For sets A and
B, A ⊆∗ B means that B\A is finite. Given R and S and be two infinite
sets, we say that S splits R in case both R ∩ S and R\S are infinite. If this
do not occur, we say that R reaps S. That is, either R ⊆∗ S or R ⊆∗ X\S.

For a set of ordinals X, we denote by ot(X) its order type. We identify
X with the unique strictly increasing function h : ot(X) −→ X. In this
way, X(α) = h(α) denotes the α element of X with respect to its increasing
enumeration. Analogously, X[A] = {X(α) : α ∈ A} for A ⊆ ot(X). For a
function h, its domain its denoted as dom(h). If h is a partial function from
a set X to a set Y , we denote it as h;X −→ Y . The set Fin(X, 2) denotes
the set of all finite partial functions from X to 2. This set ordered with
the reverse inclusion is equivalent to the Cohen forcing for adding |X|-many
Cohen reals. In the particular case in which X = Y ×Z and p ∈ Fin(X, 2),
we define dom0(p) := {y ∈ Y : ∃z ∈ Z ((y, z) ∈ dom(p))} . The set dom1(p)
is defined in an analogous way. As mentioned before, if A ⊆ X, then A is
denoted as A0 and X\A as A1. Given A ⊆ P(X) and h : A −→ 2, Ah

stands for the set {Ah(A) : A ∈ A}. A family D is called a ∆-system with
root R if |D| ⩾ 2 and X ∩ Y = R whenever X,Y ∈ D are different.

Given a forcing notion P, we denote by m(P) its Martin’s number, i.e. ,
the minimal cardinal κ for which there are κ-many dense sets over P which
are not intersected by any filter. The Martin’s number m is defined as the
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minimum of all the Martin’s numbers of ccc forcings. For us, MA is the
statement “m = c > ω1”.

3. Barely independent families

Assume that λ is an infinite cardinal:

When is it true that for a given independent family I, every uniform
ultrafilter over λ contains both Ih and cohω(I) := {λ\(

⋂
A) : A ∈ [Ih]ω}

for some h : I −→ 2?

A sufficient condition is to assume that the intersection ofAh′
has cardinality

less than κ for each countable A ⊆ I and h′ : A −→ ω. This condition turns
out to be necessary as well. Indeed, if for some A ∈ [I]ω and h′ : A −→ 2

it happens that
⋂
Ah′

has size λ, then there exists a uniform ultrafilter U
having such intersection. For such an ultrafilter, there is a unique hU : I −→
2 so that IhU ⊆ U . It is straightforward that hU extends h′ and that cohU

ω (I)
is not contained in U . We conclude that independent families having the
property discussed above are exactly the ones for which all of their infinite
boolean combinations have size less than λ. In this way, we arrive to the
notion of barely independent families.

Definition 3.1 (Barely independent families). Let κ ⩽ λ be a cardinal and
I ⊆ [λ]λ. We say that I is κ-barely independent provided that |I| ⩾ κ and:

(1) |
⋂

Ah| = λ for each A ∈ [I]<κ and h : A −→ 2.
(2) |

⋂
Ah| < λ for each A ∈ [I]κ and h : A −→ 2.

In the particular case in which κ = ω, we simply call I barely independent.

Clearly any κ-barely independent family is independent. As we remarked
at the beginning of this paper, part of the importance of properties which
we are studying lie in their relation with the Tukey type and the character
of ultrafilters. We capture those ideas in the next two propositions.

Proposition 3.2. Let κ ⩽ λ be two cardinals and assume that there is a
κ-barely independent family I in λ. Then every uniform ultrafilter in λ is
Tukey above [ |I| ]<κ.

As pointed out by the referee, it seems to be some connection between
the proposition above and the κ-filter extension property as defined in [5].
This is worth investigating.

Proposition 3.3. Let λ be a cardinal and assume that there is a barely
independent family I in λ. Then every uniform ultrafilter in λ has character
greater or equal than |I|.

In [2], the authors say that a family I ⊆ [λ]λ (not necessarily independent)
has the flipping κ-bounded intersection property if it has cardinality at least
κ and satisfies the second item of the definition above.4 Note that the two

4Actually, much less is needed to prove both of these results.
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propositions above are clearly true for this property as well. Furthermore,
note that the second item in Definition 3.1 is equivalent to the following
seemingly weaker property:

(2)’ | ∩ Ai| < λ for each A ∈ [I]κ and i ∈ 2.

Regarding this property, it is also remarked in ([2], Remark 4.15) that the
existence of a family I satisfying (2)’ is equivalent to the negative partition

relation
( |I|

λ

)
̸→

(
κ
λ

)1,1
2

.
The concept of barely independence only makes sense in the uncountable

setting. In particular, our technique does not yield any new information
regarding the Isbell problem over ω. Except maybe showing that one of
most naive ways of trying to solve such a problem is far from working.

Proposition 3.4. There are no barely independent families in ω.

Proof. Let us assume towards a contradiction that I ⊆ [ω]<ω is a barely
independent family.

Claim 1: {min(A) : A ∈ I} is bounded.

Proof of claim. Otherwise, we can recursively build an infinite sequence
⟨An⟩n∈ω of elements of I so that min(An+1) > min((

⋂
i⩽n

A1
i )\min(An)) for

each n. In particular, the infinite set

{min
(
(
⋂
i⩽n

A1
i )\min(An)

)
: n ∈ ω}

is contained in
⋂
i∈ω

A1
i . This contradicts the fact that I is barely independent.

□

We will now arrive to a contradiction by showing that there is an infinite
A ∈ I for which

⋂
A =

⋂
A∈A

A0 is infinite. According to Claim 1 above, there

is n0 ∈ ω so that I0 = {A ∈ I : min(A) = n0} is infinite. Let A0 ∈ I0. It is
straightforward that the family I ′

0 = {(A0\(n0+1))∩A : A ∈ I′\{A0}} is a
barely independent family in A0\(n0+1). By applying Claim 1 to this family,
we can find n1 ∈ A0\n0 for which I1 = {A ∈ I′ : min(A∩ (A0\(n0 +1))) =
n1} is infinite. By continuing this process we can construct an increasing
sequence ⟨ni⟩i∈ω of natural numbers and a sequence ⟨Ai⟩i∈ω of elements of
I in such a way that

min
(
Ak ∩ ((

⋂
i⩽j

Ai\(nj + 1)
)
= nj+1

for any two j < k. In particular, we have that {ni : i ∈ ω} ⊆
⋂
i∈ω

Ai which

is the desired contradiction. ■

As it is shown below, the study of κ-barely independent families is only
possible for cardinals whose cofinality is at most 2κ.
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Proposition 3.5. Let κ be a cardinal and assume that there is a κ-barely
independent family I over cof(λ). Then there is a κ-barely independent
family over λ of the same size.

Proof. Indeed, let h : λ −→ cof(λ) be such that ⟨|h−1[{α}] |⟩α∈cof(λ) con-

verges to λ. It should be clear that I ′ = {h−1[A] : A ∈ A} works. ■

Proposition 3.6. Let κ, λ be two regular cardinals so that cof(λ) > 2κ. If

I ⊆ P(λ) has size κ, there is h : I −→ 2 so that |
⋂

A∈I A
h(A)| = λ. In

particular, there are no κ-barely independent families over λ.

Proof. Let I be as in the hypotheses. Let {Bα : α ∈ λ} be a partition of λ
into sets of size κ in such a way that the family Iα = {A ∩ Bα : A ∈ I}.
Given any such α, let φα : Bα −→ κ be a bijection and define fα : I −→ [κ]κ

as:
fα(A) = φα(A ∩Bα).

Since I has size κ and cof(λ) > 2κ , we can find X ∈ [λ]λ and f : I −→
κ such that fα = f for each α ∈ X. It is straightforward that there is
h : I −→ 2 so that

⋂
A∈I

f(A)h(A) is non-empty5. From this it follows that

(
⋂
Ah) ∩Bα ̸= ∅ for any α ∈ X. Since X has size λ, so does

⋂
Ih. ■

Even though there are no ω-barely independent families over ω, there are
(consistently) µ-barely independent families over µ whenever µ is a successor
cardinal.

Theorem 3.7. Let κ be a cardinal such that 2k = k+. Then there is a
κ+-barely independent family over k+.

Proof. Let F be the set of all partial functions from k+ into 2 whose domain
has size at most κ and let ĥ : κ+ −→ F be a surjective function with cofinal
fibers. Let us consider a club C in κ+ consisting of ordinals greater than
κ in such a way that for α, β ∈ κ+, if α < C(β), then dom(ĥ(α)) ⊆ C(β).
Now, we enumerate [κ+]κ as ⟨Rα⟩α∈ω1 in such a way that Rα ⊆ C(α) for
each α. Note that since {Rξ : ξ ⩽ α} is a κ-sized family of subsets of C(α),
each of cardinality κ , we can fix a set Sα ⊆ C(α) which splits Rξ for each
ξ ⩽ α. Finally, let µ : κ+ −→ κ+ be defined as

µ(β) = max(γ ∈ κ+ : C(γ) ⩽ β).

Note that µ is well-defined since C is a club. Given β ∈ κ+, we put

Hβ = {α ∈ κ+ : β ∈ dom(ĥ(α)) and ĥ(α)(β) = 0}
and define Aβ := Sµ(β)∪Hβ. In the following two claims, we will prove that

the family I := {Aβ : β ∈ κ+} is κ+-barely independent.

Claim 1: Let A ∈ [κ+]<κ+
and h : A −→ 2. Then

⋂
β∈A

A
h(β)
β has size κ+.

5For example, put h(A) = 0 if and only if 0 ∈ f ]A].
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Proof of claim. Indeed, if α ∈ κ+ is such that ĥ(α) = h, then

α ∈
⋂
β∈A

H
h(β)
β ⊆

⋂
β∈A

A
h(β)
β .

Since each fiber of ĥ is unbounded in κ+, this finishes the proof. □

The claim below shows that the cardinality of the remaining intersections
is less than κ, even though being less than κ+ is enough for our purposes.

Claim 2: Let A ∈ [κ+]κ
+
and h : A −→ 2. Then

⋂
β∈A

A
h(β)
β has size strictly

less than κ.

Proof of claim. Assume towards a contradiction that such intersection has
size at least κ and let ξ ∈ κ+ be such that

Rξ ⊆
⋂
β∈A

A
h(β)
β .

Consider β ∈ A for which µ(β) > ξ. Then Sµ(β) splits Rξ. Furthermore,

Aβ∩C(µ(β)) = Sµ(β). Hence neither A
0
β nor A1

β contain Rξ. This contradicts

the fact that Rξ ⊆ A
h(β)
β , so we are done. □

■

In [11], a strongly independent family I (over a cardinal κ) is defined as an
independent family over κ such that for any A ∈ [κ]<κ and each h : A −→ 2,
the set

⋂
Ah has size κ. Evidently every κ-barely independent family over κ

is strongly independent. Hence, Theorem 3.7 slightly generalizes Theorem
1.10 from [15].

Corollary 3.8. Let κ be an infinite cardinal. The followings are equivalent:

(1) 2κ = κ+.
(2) There is a κ+-barely independent family over κ+.
(3) There is a strongly independent family of size κ+ over κ+.
(4) There is a strongly independent family of size κ over κ+.

4. Barely independent families and cardinal characteristics of
the continuum

In [3], the number r(κ, λ) is defined as the minimum size of a family
R ⊆ [λ]κ so that every infinite S ⊆ κ is reaped by at least one member
of R. We call any such family a reaping family. Of course, here κ and λ
stand for two distinct cardinals. It should be clear that r(κ, κ) is equal to
the cardinal rκ studied in papers such as and [4], [13], [19] and [20]. In
particular, r(ω, ω) is the same as the classical reaping number r. The next
proposition is well-known and easy to prove.

Proposition 4.1. let κ0, κ1 ⩽ λ0, λ1 be infinite cardinals. The following
properties hold:
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• If κ0 ⩽ κ1, then r(κ0, λ0) ⩽ r(κ1, λ0).
• If λ0 ⩽ λ1, then r(κ0, λ0) ⩾ r(κ0, λ1).
• κ+0 ⩽ r(κ0, λ0) ⩽ λκ0 ⩽ 2λ0 .

Particularly, this means that for a fixed κ, we have the following chain of
inequalities:

κ+ ⩽ r(κ, 2κ) ⩽ . . . ⩽ r(κ, κ+) ⩽ r(κ, κ) ⩽ 2κ.

In [11], Fischer and Montoya observed that, just as in the countable set-
ting, if a strongly independent family I over a regular cardinal κ is such that
|I| ⩽ r(κ, κ), then I is not maximal. We will now show that there is also a
relation between reaping numbers and the existence of κ-barely independent
families.

Theorem 4.2. If there is a κ-barely independent family over µ of size λ,
then r(κ, λ) ⩾ cof(µ).

Proof. Let R ⊆ [λ]κ be a family of size less than cof(µ). We will prove that
R is not reaping. For this, we fix a κ-barely independent family I = {Aα :
α ∈ λ} over µ. Given R ∈ R, i ∈ 2 and a ∈ [R]<ω, let hR,a,i : R\a −→ 2 be
the constant function with value i. Since I is κ-barely independent, there
is αR,a,i < µ such that ⋂

ξ∈R\a

A
hR,a,i(A)
ξ ⊆ αR,a,i.

As |R| < cof(µ), there exists some α so that α > αR,n,i for all R ∈ R,
a ∈ [R]<κ and i ∈ 2. Let S = {ξ ∈ λ : α ∈ Aξ} and fix R ∈ R. We claim
that S splits R. Indeed, given a ∈ [R]<κ we have that⋂

ξ∈R\a

A1
ξ ⊆ αR,n,1 ⊆ α.

In particular, there is ξ ∈ R\a for which α ̸∈ A1
ξ = κ\Am. By definition,

ξ ∈ R ∩ S. This proves that R ∩ S is infinite. Analogously, using the fact
that αR,n,0 < α we can prove that R\S is infinite as a well. Since R was
arbitrary, we conclude that R is not reaping. ■

Theorem 4.3. Let κ be a regular cardinal, µ = cof(2κ) and λ ⩽ µ be such
that λ<κ ⩽ µ. If r(κ, λ) = 2κ, then there is a κ-barely independent family
over µ of size λ.

Proof. Since |[λ]κ| = 2κ and κ is regular, we can write [λ]κ as an increasing
union of a sequence ⟨Rα⟩α∈µ satisfying the following properties for each
α ∈ µ:

• |Rα| < 2κ.
• For any R ∈ Rα and each X ∈ [R]<κ, there is R′ ∈ [R]κ such that
X ∩R = ∅.

Since λ<κ ⩽ µ, we can also fix σ : µ −→ {h;λ −→ 2 : |dom(h)| < κ}
surjective with cofinal fibers. Given α ∈ µ, the equality r(κ, λ) = 2κ implies
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that Rα is not reaping. In other words, there is Sα ⊆ λ which splits every
element of Rα. Let α ∈ λ. We define Aα ⊆ µ as follows:

Aα := {ξ ∈ µ : (α ∈ dom(σ(ξ)) and σ(ξ)(α) = 0) or (α /∈ dom(σ(ξ)) and α ∈ Sξ)}.
We claim that I := {Aα : α ∈ λ} is κ-barely independent. Indeed, for any
partial function h;λ −→ 2 such that |dom(h)| < κ, it happens that

σ−1[{h}] ⊆
⋂

α∈dom(h)

Ah(α)
α .

Since the function σ has cofinal fibers, we conclude that the intersection
written above has cardinality µ. In order to finish, take a B ⊆ λ of size κ
and h : B −→ 2. Note that there is i ∈ 2 so that R := h−1[{i}] has size κ.
For such i we know that there is α ∈ µ such that R ∈ Rα. By construction,
given β ⩾ α there is R′ ∈ Rβ which is contained in R and disjoint from
dom(σ(β)). Note that Sβ splits R′. Thus, there is ξ ̸∈ dom(σ(β)) so that

ξ ∈ R ∩ S1−i
β . This means that β ̸∈ Ai

ξ = A
h(ξ)
ξ . In particular we have that

β ̸∈
⋂

ζ∈dom(h)

A
h(ζ)
ζ .

Since β ⩾ α was arbitrary, we conclude that
⋂

ζ∈dom(h)

A
h(ζ)
ζ is bounded by

α. ■

In the particular case in which κ = ω, we have that λ<ω = λ for each λ.
Hence, we can rewrite the theorem above as follows:

Theorem 4.4. Let λ ⩽ cof(c). If r(ω, λ) = c, then there is a barely inde-
pendent family over µ of size λ.

Assuming that the continuum is a regular cardinal, theorems 4.2 and 4.3
yield an equivalence. In particular, since the inequality r < c = cof(c)
is consistent. The following corollary implies that the existence of barley
independent families over c is independent from ZFC.

Corollary 4.5. Assume that c = cof(c) and let κ ⩽ c be another regular
cardinal. The followings are equivalent:

(1) There is a barely independent family over c size κ.
(2) r(ω , κ) = c.

If κ ⩾ c = ω1 is a cardinal of uncountable cofinality, then any generic ex-
tension obtained after adding κ-many Cohen reals will satisfy that r(ω, c) =
c. Thus, the results discussed above apply here. As we see now, there is
more to say in this situation. We remark that the theorem below can easily
be adapted to the case in which we add Random reals. We leave the details
for the reader.
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Theorem 4.6. Let κ and λ be two infinite cardinals and consider P =
Fin(κ× λ, 2). Then

P ⊩ “There is a barely independent family over κ of size λ”.

Proof. Let G be a P-generic filter and fG =
⋃
G. In V [G], define AG

α := {ξ ∈
κ : p(ξ, α) = 1} for each α ∈ λ. We will show that IG := {AG

α : α ∈ λ} is
barely independent. It should be clear that

⋂
Ah ∈ [κ]κ for each non-empty

finite A ⊆ IG. For the remaining part, let A ∈ [λ]ω and h : A −→ 2.

In V , consider Ȧ and ḣ two P-names for A and h respectively, and let
M be a countable elementary submodel of a large enough H(θ) such that

ḣ, Ȧ,P ∈ M . We claim that, in V [G],
⋂

α∈A
(AG

α )
h(α) ⊆ M . Indeed, let p ∈ P

and ξ ∈ κ\M . Since Ȧ is forced to be infinite, the domain of p is finite

and both Ȧ and ḣ live in M , we can find α ∈ (λ ∩M)\dom0(p), i ∈ 2 and

q ∈ P∩M such that q ⩽ p∩M and q ⊩ “α ∈ Ȧ and ḣ(α) = i.” We now put
r = p∪ q∪{((α, ξ), 1− i)}. It should be clear that r is well-defined, r ⩽ p, q,

and r ⊩ “ξ ̸∈ (AG
α )

ḣ(α).” This finishes the proof. ■

In [2], the authors proved, independently, an analogous version of Theo-
rem 4.6 above but for families with the “flipping” property briefly discussed
in Section 3 (see Theorem 4.8 and Corollary 4.9 of [2]). There are two
important consequences of the previous theorem.

Corollary 4.7. Assume that GCH holds in V and let λ be a cardinal of
uncountable cofinality. There is a forcing extension of W of V satisfying
following properties:

• 2κ = 2ω = λ for each uncountable cardinal κ < λ.
• For each uncountable cardinal κ ⩽ λ, there is a barely independent
family over κ of size λ. In particular, every uniform ultrafilter over
κ is both Tukey top and has character 2κ.

The second consequence is that the existence of a barely independent
family over a cardinal does not yield the existence of a barely independent
family over its successor.

Corollary 4.8. It is consistent that c = ω2 > ω1 = r and that there is a
barely independent family over ω1 of size ω1.

Proof. We just start with a model in which r = ω1 < cof(c) ⩽ c. After
adding ω1-many Cohen reals, the three cardinals mentioned above will have
the same values. Hence, there are no barely independent families over c due
to Theorem 4.2. On the other hand, there will be a barely independent
family over ω1 of size ω1 due to Theorem 4.6. ■

Our next goal is to show that the existence of barely independent families
over ω1 is also independent of ZFC. Note that the argument provided above
can not be used in this case because of the simple reason that ω1 ⩽ r(ω, ω1).
The way of getting this independence is by showing that there are no such
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families under p = c. This result is unexpected because since r(ω, c) =
c = cof(c) under MA, this axiom does imply the existence of a barely
independent family due to Corollary 4.5.

Theorem 4.9. Let κ < p be an uncountable cardinal and let I be an infinite
family of subsets of κ. Then there is i ∈ 2 and A ∈ [I]ω for which |

⋂
A∈A

Ai| =
κ.

Proof. Assume towards a contradiction that there is an infinite I ⊆ P(κ)
so that |

⋂
A∈A

Ai| < κ for each i ∈ 2 and every A ∈ [I]ω. Without loss of

generality we may assume that I is countable. Given α ∈ κ and i ∈ 2, let
us define

Oi
α := {A ∈ I : α ∈ Ai}.

Observe that I is equal to the disjoint union of O0
α and O1

α. Let us fix now
a non-principal ultrafilter U ⊆ [I]ω. According to the previous observation,
for each α there is iα ∈ 2 so that Oi

α ∈ U . By the pigeonhole principle, we
know that there is X ′ ∈ [κ]κ and a fixed i ∈ 2 so that i = iα for any α ∈ X ′.
Let us take a countable elementary submodel M of a large enough part of
the universe so that X ′, I, κ ∈ M . Now, let X := X ′\M . The following fact
follows directly from elementarity:

Fact 1: Let B ∈ [I]<ω. If there is a non-empty a ∈ [X]<ω so that B ⊆
⋂
α
Oi

α,

then
{min(a) : a ∈ [X]<ω\{∅} and B ⊆

⋂
α

Oi
α}

is unbounded in κ.

We now proceed to define P as the set of all ordered pairs p = (Ap, Yp) so
that:

• Yp ∈ [X]<ω and
• Ap ⊆

⋂
α∈Yp

Oi
α.

As expected, we put p ⩽ q whenever Aq ⊆ Ap and Yq ⊆ Yp.

Claim 1: P is σ-centered.

Proof. Given B ∈ [I]<ω, let us define CB := {p ∈ P : Ap = B}. Since I
is countable, there are countably many CB’s. Furthermore, if p, q ∈ B, it
should be clear that r = (B, Yp ∪ Yq) is a condition living CB an which is
smaller than both p and q. Hence, each CB is centered. □

Claim 2: Given α ∈ κ, let Dα = {p ∈ P : Yq\α ̸= ∅}. Then Dα is dense.

Proof. Indeed, due to Fact 1, given p ∈ P, it will happen that {min(Zq) :
q ∈ P and Aq = Ap} is unbounded in κ. In particular, this means that there
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is q ∈ CAp with Zq\α ̸= ∅. We concluded that (Ap, Zp ∪ Zq) is a condition
smaller than p which belongs to Dα. □

Claim 3: Given B ∈ [I]<ω, let EB =: {p ∈ P : Ap\B ̸= ∅}. Then EB is dense.

Proof. Indeed, given p ∈ P we have that
⋂

α∈Zp

Oi
α is infinite because each P i

α

belongs to U . Since B is infinite, we can take an element E in the previous
intersection which do not belong to B. The condition (Ap∪{E}, Zp) witness
density below p. □

as the family {Dα : α ∈ κ} ∪ {EB : B ∈ [I]<ω} has size κ < p and P is
σ-centered. There is a filter G intersecting each of the previously mentioned
dense sets. In order to finish, just put A =

⋃
p∈P

Ap and Y =
⋃
p∈P

Yp. By

genericity, |Y | = κ and A is infinite. Furthermore, by definition of P we
have that A ⊆

⋂
α∈Y

Oi
α. In other words,

Y ⊆
⋂
A∈A

Ai.

■

Note that the result above can not be generalized by asking both I and
A to be of size ω1. Indeed, the family {ω1\α : α ∈ ω1} is a clear coun-
terexample. Additionally, observe that the variable i is also necessary for
the theorem. This is because if I = {In : n ∈ ω} is ⊆-decreasing and has
empty intersection, any infinite subfamily of I satisfies the same property.
As each barely independent family serves as a counterexample to the con-
clusion of Theorem 4.9, we conclude the following:

Corollary 4.10. Under p > ω1 there are no barely independent families
over ω1.

Compare the following corollary with Corollary 4.8.

Corollary 4.11. Assume that MA holds. Then c is the only cardinal for
which there are barely independent families.

As r(ω, c) = c under CH, we conclude via Theorem 4.9 and Theorem 4.3
that PID (see [23]) independent from the existence of barely independent
families over ω1.

5. Open problems

We know that the existence of barely independent families over both c and
ω1 is independent from ZFC and we know that there can be such families
in both cardinals at the same time for arbitrary (consistent) values of c. By
combining the methods for showing the consistency of the non-existence, we
can have models without barely independent families over both c and ω1.
For this, we just need to look at models in which ω1 < p ⩽ r < cof(c). This
can not be achieve in models in which c = ω2. Thus, a natural question is:
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Problem 5.1. Assume that c = ω2. Is it true that there is always a barely
independent family?

In general, it would be interesting to analyze the spectrum of existence
of κ-barely independent families for distinct cardinals.

In private communication, Todorčević presented me a proof of the fact
that the existence of a Luzin set of reals implies the existence of a barely
independent family over ω1 of size ω1. This leaves the question:

Problem 5.2. Is it consistent that there is a barely independent family over
ω1 of size ω1 but there are no Luzin spaces?
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